The mechanism for the entanglement of two flux qubits each interacting with single mode electromagnetic field created in a separate quantum cavity is discussed. By performing a Bell state measurements (BSM) on photons we find the two qubits in an entangled state depending on the result of the BSM. The proposed scheme allows for a control of entanglement of flux qubits.
Introduction
Entanglement is one of the most fundamental features of quantum mechanics. Besides its fascinating conceptual aspect it also plays an important role in quantum information science because the entanglement of qubits is the essential requirement for quantum computing. Various systems have been considered as qubits [1, 2] , among them the solid state systems seem to be the most scalable and integrable. In particular superconducting flux qubit has been developed in superconducting ring with Josephson Junction [3] . The junction playing the role of the tunneling barrier can be replaced by a superconducting quantum wire which allows for quantum phase slip [4] . Recently a flux qubit based on semiconducting quantum ring with a controllable barrier has been proposed [5] . In this context the problem of entanglement of two (or more) solid state qubits is of great importance. It has been investigated for superconducting flux qubits interacting via the mutual inductance, via the connecting loop with Josephson Junction and via the LC circuit [6, 7, 8, 9] . It was found [6] that entangled states do not decohere faster than the uncoupled states. This is remarkable considering the expectation that spatially extended entangled states could be very susceptible to decoherence.
In this paper we want to test how the entanglement of two distant flux qubits can be accomplished by swapping. Presented considerations may be applied both to superconducting or semiconducting flux qubits. We investigate two subsystems composed of a qubit and a cavity which evolve Email address: kurpas@server.phys.us.edu.pl (Marcin Kurpas ).
independently (Fig. 1) . The electromagnetic field modes in the cavities are prepared in the particular quantum Fock states and their frequencies are restricted to microwaves. Contrary to the previous studies where so called external approximation was used [10, 11] in this paper we take into account the full qubit-field interaction.
The entanglement swapping was originally proposed for photons [12] and has been investigated both theoretically and experimentaly [13, 14] . The scheme of entanglement swapping for the discussed system is presented in Fig. 1 . Each qubit Q is placed in its own cavity and interacts with an electromagnetic field mode R leading to an entangled qubit-field (QR) state. The two (QR) i (i = 1, 2) systems do not interact with each other and therefore the state of the whole system is a product state. If one then performs the Bell State Measurement (BSM) on R 1 and R 2 , the partner subsystems Q 1 and Q 2 will collapse to an entangled state although they have never physically interacted. To quantify the entanglement we calculate the linear entropy, we discuss the results for two different initial states.
The qubit-cavity system
Let us consider a ring of circumference L in which the wave functions of charge carriers extend coherently over L. The hallmark of phase coherence in such systems are persistent currents. The opposite persistent current states are the basic states which, when coupled by tunneling, form the two superposition states. Such systems can be realized on superconducting ring with Josephson Junction [3] or with thin constriction [4] or on a semiconducting quantum ring with controllable barrier. It has been shown [3, 4, 5, 15] that at low temperatures they can be effectively reduced to the two level systems with two external control parameters. The Hamiltonian H Q of such qubit can be written in a pseudospin notation
We operate at T ≪ B x /k B in order to neglect thermal fluctuations. For simplicity we assume a semiconducting quantum ring with a single electron (the generalization to larger number of electrons is straightforward [5] ). In Eq. (1)
I 0 is the amplitude of persistent current, φ = φ cl is the classical magnetic flux threading the ring, φ 0 = h e , B x describes the tunneling amplitude of an electron via a potential barrier. Close to φ = 1 2 φ 0 the ring is well described by the the quantum superpositions of two opposite persistent current states. At first we describe the process of entanglement of a flux qubit Q 1 (Q 2 ) with a single electromagnetic field mode R 1 (R 2 ). To be specific we consider two distant semiconducting flux qubits, but the whole procedure can equally well be performed with superconducting qubits. To study the phenomenon of entanglement we place the qubit in a quantum cavity where the non classical electromagnetic field, described by H R , is prepared in a particular quantum state
The magnetic flux φ will then have both the classical φ cl and quantum φ q component [10] which leads to the coupling of the QR subsystems
where V R is the cavity volume. The total Hamiltonian of the composed system, after some algebra, takes the form
where
the "mixing angle" [1]
and the coupling constant g
Assuming realistic values of the parameters, e.g.
, we get g = 0.2ω R . To discuss the qubit-field entanglement we assume that the coherent coupling overwhelms the dissipative processes (strong coupling regime). For creation and manipulations of entangled states, it is thus essential that both the cavity decoherence time T R and the qubit decoherence time T Q are much longer than the qubit-cavity interaction time T Ω ∼ π g ∼ 10 −10 s. Recently a high quality cavities (quality factor Q f ∼ 10 5 − 10 8 ) have been built [17] . They have a photon storage time T R in the range 0.3µs − 300µs. The estimated decoherence times T Q of the considered qubits are of the order of a few µs [18] (to be specific we assume T Q ∼ 1µs). Therefore in the following we investigate the system at t ≪ T Q , T R allowing the entanglement to be obtained before the relaxation processes set in.
Entanglement swapping
The (QR) i system is described by a state vector |ψ QR (t) i , which at t = 0 is a direct product of the qubit and the cavity states:
where σ represents the qubit pseudospin states (g-ground ,e-excited), |n are the photon number eigenstates, forming the so called Fock basis, n = 0, 1, 2, .... The interaction of the qubit with the field leads, in general, to the entangled state
As the two qubit-boson subsystems do not interact with each other their time evolved state remains separable:
The time evolution of this composite is a product of two unitary evolutions of its constituents generated by the Hamiltonian (6) where
The BSM is performed on electromagnetic modes in Fock basis (one photon with the vacuum) [13] and projects the formerly independent qubits onto an entangled state
is one of the Bell states of the electromagnetic field modes, the trace T r R is taken with respect to photonic degrees of freedom.
After the BSM, the final qubit-qubit (QQ) state is of the form
The entanglement of this state can easily be quantified. The natural entanglement measure of the pure states is the linear entropy S L (ρ) [19] .
where ρ red = T r Qi (ρ QQ ) is the reduced density matrix of one of the qubits. The linear entropy is one of the entanglement monotones: S L = 0 for the product state and reaches the maximal value
is the dimension of the Hilbert space of the smaller subsystem) for the maximally entangled state.
Numerical results
We present results for entanglement of both qubit-field (S Li ) and qubit-qubit (S LQQ ) systems. As the calculations are numerical we are not limited to the weak coupling regime. In numerical calculations the Hilbert space of microwave modes is truncated at n max = 10. We test the validity of the truncation by controlling the traces of the matrices [20] being never smaller than 0.99.
There are many parameters affecting entanglement of qubits. To show the idea we restrict our considerations to selected examples and discuss the results for two initial states. We assume that both qubits have the same circumference L and the same number of electrons. In this paper we consider only the resonant case i.e. ω Ri = ω Qi ≡ ω R . The values of g i are in the units of ω R .
At first we assume the initial state to be
In Fig. 2 we show how the qubit-field entanglement S L1 depends on the coupling strength g and in Fig. 3 the QR entanglement for different values of the mixing angle Θ. 
Comparing these figures we see that both Θ and g parameters influence the effective qubit-field interaction strength. We see that the increase of g causes the increase of the Rabi oscillation frequency and the entanglement arises faster than for smaller coupling. Similarly, bringing Θ closer to π 2 the Rabi frequency increases. We see that when Θ is far from π 2 , the QR entanglement decreases reaching 0 for Θ = kπ, k is integer. In the following we assume Θ = π 2 what gives the strongest effective coupling with fixed g. In the upper panel of Fig. 4 the oscillating qubit-field linear entropies S L1 and S L2 reflect the varying degree of entanglement as a function of time. The differences in these two curves arise from different initial states for each QR system. If we perform the BSM at certain time t we obtain an entanglement of QQ (crosses) conditioned by the degree of entanglement of (QR) i . In particular if we do the BSM at the time window in which the (QR) i subsystems are almost maximally entangled we obtain the maximally entangled qubits with S LQQ ∼ 0.5. On the other hand if we perform the BSM in the time window where the (QR) i subsystems are weakly entangled the QQ entanglement is vanishingly small. We emphasize that the 'time' is either the physical time of the quantum evolution of the QR system or the time, called the 'BSM time', when the BSM was performed.
The bottom parts of Fig. 4 and Fig. 5 show the probabilities of finding the qubits in |ee , |eg , |ge and |gg states (e.g. P eg = | eg|ψ QQ (t) | 2 ). We see that only two of four final states (|eg and |ge ) are possible. This is because of the value of Θ i = π 2 and the choosen projection operator. For such Θ the interaction term in (6) reduces to the form g a † + a σ x that excites only |en where n are even and |gm where m are odd photon states if we start from |e0 or |g1 . Then when the BSM is done the only nonzero elements, in equation (17), are b 1ã0 and b 0ã1 . The relation between this 'occupation probabilities' can be directly translated into the entanglement of the state: the more one of the probabilities dominates the other the less entangled is the state and when the probabilities P eg and P ge equal 0.5 the entanglement reaches its maximal value.
The decay rate of the QR system can be estimated as [17] 1
Assuming the cavity with Q f = 10 5 we find T R ∼ 0.3µs and T QR ∼ 0.5µs. For the cavity with Q f = 10 6 we get T R ∼ 3µs and T QR ∼ 1.5µs. The results of our model calculations remain valid in the time range t ≪ T R , T Q , T QR . We can also estimate that the number of Rabi flops before the system decoheres. It is 5 · 10 4 in the first case and 1.5 · 10 5 in the second one. The decoherence time of the QQ entangled state is accordingly T QQ ∼ T Q ∼ 1µs. This estimation is in agreement with the experimental findings [6] that entangled states do not decohere faster than uncoupled systems. For the initial state the situation looks different. We present the results for this case in Fig. 5 . In order to show some subtleties we take the systems slightly detuned with g 1 = 0.2, g 2 = 0.201 and treat g 1 = g 2 = 0.2 as a limiting case. Because the two QR systems are almost identical they evolve to almost the same quantum states and even if QRs are not strongly entangled the BSM gives nearly the same probabilities P eg = P ge ∼ 0.5 and, in consequence, almost maximally entangled state, except for some moments at which the norm of the BSM output aproaches zero and the above quantities become undefined. In the limiting case the probabilities are always the same and the qubits are maximally entangled with the exceptions described above. If the BSM were performed at these moments the entanglement would be unsuccesful. Similar results we have obtained for |g1 1 |g1 2 initial state. In Fig. 6 and Fig. 7 we show how the resulting QQ entanglement depends on the initial states and on g 2 while keeping g 1 = 0.2. For the left panel the initial state is |e0 1 |g1 2 , and for the right one |e0 1 |e0 2 . Comparing them we see that when the QR systems are identical (g 1 = g 2 = 0.2) the linear entropy depends strongly on the initial state. When starting from |e0 1 |e0 2 two qubits are entangled since the time evolution has started and whenever we perform the BSM we always obtain (with some exceptions, see the discussion below Fig.  4 ) almost maximally entangled QQ state. We also see that a small departure of g 2 from g 1 attenuates this behaviour and in both figures the entropy oscillates as a function of BSM time in a similar way with slightly shifted parameter g 2 .
Conclusions
In this paper we have considered a solid-state realization of cavity quantum electrodynamics by placing a flux qubit in a quantum cavity.
We discussed a mechanism for the entanglement creation of two qubits, each interacting with a single mode electromagnetic field coming from independent sources. We have shown that this interaction leads to two independent entangled qubit-field states and that BSM performed on the electromagnetic field modes projects the qubits onto an entangled state. We discuss the transfer of quantum information between systems having different physical nature and defined in Hilbert spaces of different dimensions. In this paper we have dealt solely with the pure states what is justified to some extent by estimated relatively long decoherence times. The discussed systems offer the advantage of reaching a strong coupling regime between light and matter. We have checked that the Jaynes-Cummings model , valid for weak QR coupling [21] , and our calculations are in agreement for g ≤ 0.03ω r . Assuming reasonable values of parameters we found that the strong coupling regime (T It seems that entanglement of distant qubits by swapping can have some advantages over standard schemes of setting up entanglement that rely on generating entangled subsystems at a point and supplying them to distant areas. The qubits emerge entangled despite the fact that they never interacted in the past and therefore they do not influence each other by disturbing the single qubit features. They can be at much larger distances as the scheme does not depend essentially on the distance between them and one can choose the moment at which the BSM can be performed. Verifying experimentally that two qubits are unambiguously entangled is a difficult task requiring sophisticated methods such as e.g. quantum state tomography [22] . The solid state qubits and their entanglement discussed in this paper can be scaled to a larger set of quantum bits [23] . It can be of interest in the study of fundamental laws of quantum mechanics and can be useful in quantum information processing and quantum communication.
